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Abstract 

In this article we consider the behavior in the vicinity of infinity of the class of all 
planar quadratic differential systems. This family depends on twelve parameters but 
due to action of the affine group and re-scaling of time the family actually depends on 
five parameters. We give simple, integer-valued geometric invariants for this group 
action which classify this family according to the topology of their phase portraits 
in the vicinity of infinity. For each one of the classes obtained we give necessary 
and sufficient conditions in terms of algebraic invariants and comitants so as to be 
able to easily retrieve for any system, in any chart, the geometric as well as the 
dynamic characteristics of the systems in the neighborhood of infinity. A program 
was implemented for computer calculations. 
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Introduction 



We consider real planar polynomial differential system, i.e. systems of the form 




(S) 



where p and q are polynomials in x and y with real coefficients (p,q G WL[x, y]). In this 
article, a system of the above form with max(deg(p), deg(g)) = 2 will be called quadratic. 

These are the simplest nonlinear differential systems. However, global problems regard- 
ing this class are difficult to solve. In 1900 Hilbert gave his list of 23 problems and one of 
the few of them still unsolved, the second part of Hilbert 's 16th problem, is on planar poly- 
nomial systems. This problem which asks for the maximum H(n) of the numbers of limit 
cycles occurring in differential systems with max(deg(p), deg(g)) < n (for a discussion of 
this problem cf. is still unsolved even for quadratic differential systems. The interest 

is in the global behavior of all solutions in the whole plane and even at infinity (cf. [Til] ) 
and this for a whole family of systems, which is why this problem is so hard. The set QS of 
quadratic differential systems depends on 12 parameters, the coefficients of the two poly- 
nomials p and q. On QS acts the group of affine transformations and of changes of scale 
on the time axis. So the space actually depends on five parameters. But even five is a large 
number considering that we expect this class to yield thousands of distinct phase portraits. 
For this reason people have attempted to study particular classes of quadratic systems 
and for some classes a complete classification of phase portraits with respect to topolog- 
ical equivalence was obtained (quadratic systems with a center [SI], [23], [IE], quadratic 
Hamiltonian systems [JJ, [7j, quadratic chordal systems quadratic systems with a weak 
focus of third order |2] and [H], etc.). 

The goal in most of these articles was to obtain all topologically distinct phase portraits 
for the particular class considered. Two systems (S) and (S") are topologically equivalent 
if there exists a homeomorphism / : IR 2 — > IR 2 such that / carries orbits to orbits 
preserving (or reversing) their orientation. In most articles, the classifications were done 
by using specific charts and normal forms for the systems in these charts with respect 
to parameters satisfying certain inequalities or equations. The results are not readily 
applicable for systems given in normal forms with respect to other charts. This dependence 
on a specific normal form yields results which are not geometric. Indeed, ever since Klein 
gave his famous Erlangen program, we are used to calling a property geometric, if it is 
invariant under the action of some group. In this sense, most of the results obtained are 
not geometrical since they are not independent of the charts considered. 
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The orbit space of QS under the group action is five- dimensional. The global study of 
the class QS makes it necessary to use normal forms in several charts. To obtain the global 
picture, we need to be able to glue these charts and for this gluing process invariants are 
helpful. Furthermore in work in progress on this space, invariants are very helpful even in 
choosing the charts. 

Chart independent classification results were obtained by K.S. Sibirsky and his school 
(cf. j3U], |22], 0) using the algebraic invariant theory of differential equations developed 
by Sibirsky and his disciples (cf. [2E], [21], |H2j, [21] )• However most of the articles of the 
school of Sibirsky were published in Russian, only some appeared in translations which 
partly explains why this theory is rather unknown in the west. In these articles, invariants 
and comitants are introduced in their multi-index tensorial form, certain rather artificial 
polynomial combinations of these are chosen and classifications are given in terms of these 
combinations. In the end these classifications remain insufficiently related to the geometry 
of the systems. 

We need much simpler invariants, simpler than the configuration space of Markus 
(cf.|15j). possibly even integer valued invariants which could convey to us in simple terms 
properties of the global geometry of the systems. We would also need a way of computing 
at least some of these simple invariants for any system in whatever chart it may be given 
to us. 

In [THj, Jl] the authors gave topological classifications in terms of the global geometry 
of the classes of systems considered. These classifications are affinely invariant and they 
are expressed in JS] i n terms of the geometry of algebraic invariant curves of the systems 
considered or in terms of very simple integer-valued invariants in jT3] and [2E] reflecting 
the geometry of the systems. There is however a need to have an efficient way of effectively 
computing, independent of charts these simpler integer-valued , geometric invariants. 

In spite of their awesome character, polynomial invariants and comitants are a very 
powerful computational tool applicable to any canonical form and they can be programmed 
on a computer. There is thus a need to merge the geometric methods above mentioned with 
the algebraic invariant approach. In this work we propose to do just that for the specific 
problem of classifying topologically quadratic systems in the neighbourhood of infinity. 

In [in] Kooij and Reyn obtained all possible local phase portraits around a single singu- 
lar point at infinity of an arbitrary quadratic vector field. In ^3] they did not consider the 
possible ways of combining such singularities so as to obtain a topological classification of 
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quadratic systems in a neighborhood of the line at infinity. In jTB] I. Nicolaev and N. Vulpe 
obtained such a classification in terms of algebraic invariants and comitants and in |3] the 
affine invariant classification of quadratic system with respect to the possible distributions 
of the multiplicities of singularities at infinity was obtained by V.Baltag and N. Vulpe [3]. 
These classifications use the technical language of algebraic invariant theory developed by 
the school of Sibirsky ((21,1221,0, etc). 

The goal of this work is to combine the geometric approach in jTH], IH] and j2H| with 
the algebraic invariant approach in ^H] and [3] for the topological classification of quadratic 
systems in the neighborhood of infinity. We need simplicity and clarity in the geometric 
classification as well as applicability to any particularly chosen chart. In this article, which 
is based on 27. we introduce the notions and prove the necessary results which permit this 
in as self-contained a way as possible. We also point out that in the attempt to merge 
the geometric invariants with the algebraic ones, the geometry led us to simpler algebraic 
invariants than those in [23 yielding simpler conditions in the classification Theorem 17.11 

This work could be applied along with an analogous one for finite singularities, as an 
initial step, to the problem of classifying all quadratic differential systems. 

The article is organized as follows: In §2 we consider the two compactifications of real 
planar polynomial systems and the foliations with singularities, real and complex, on the 
real and complex projective planes, associated to these systems. 

In §3 we describe the purely geometric objects, i.e. the divisors attached to the line at 
infinity, introduced in [26J, which encode the multiplicities at infinity of the systems, and 
attach to these some integer-valued global affine invariants. 

In §4 we consider group actions on quadratic differential systems and define algebraic in- 
variants and comitants with respect to these group actions. We also give, using a comitant, 
canonical forms for these differential systems according to their behavior at infinity. 

In §5 we state and prove the classification theorem (Theorem 15. 1|) of the quadratic 
differential systems according to their multiplicity divisors at infinity and for each class we 
give the necessary and sufficient conditions in terms of algebraic invariants and comitants 
with respect to the group action. These conditions allow us to compute for any system and 
in any chart the types of the multiplicity divisors associated to the system. 

In §6 we introduce new classifying tools, among them the index divisor encoding globally 
the topological indices of the singularities at infinity of any polynomial differential system 
without a line of singularities at infinity. We also introduce a divisor encoding globally the 
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number of local separatrices bounding a hyperbolic sector of a singular point at infinity. 

In §7 we state and prove the topological classification theorem (Theorem 17. This 
classification is expressed on one side in terms of geometrical, affine integer-valued invari- 
ants, which convey in simple terms the geometric and dynamic properties of the systems 
according to their behavior in the vicinity of infinity; on the other hand in terms of alge- 
braic invariants and comitants. In the end we are able to read for any system and in any 
chart, its geometric and dynamical properties at infinity once these algebraic invariants and 
comitants are calculated. These calculations could be done on a computer. A complete 
dictionary of integer-valued geometric invariants and polynomial invariants is given. 

In the Appendix we list the invariants and comitants used in ^Bj and which are needed 
for the proofs of the main results. These are also listed for the purpose of comparison 
with the simpler algebraic invariants and comitants used in this article. Highlighting the 
geometry of the systems via the integer-valued invariants introduced, helped us to choose 
better algebraic invariants and comitants than those in [Hi], closer to the geometry of the 
systems. 

2 The two compact ificat ions of real planar 
polynomial vector fields 

A real planar polynomial system (S) can be compactified on the sphere as follows: Consider 
the x, y plane as being the plane Z — 1 in the space M. 3 with coordinates X, Y, Z. The 
central projection of the vector field pd/dx + qd/dy on the sphere of radius one yields a 
diffeomorphic vector field on the upper hemisphere and also another vector field on the lower 
hemisphere. Poincare indicated briefly in [20] that one can construct an analytic vector 
field V on the whole sphere such that its restriction on the upper hemisphere has the same 
phase curves as the one induced by the phase curves of (S) via the central projection. A 
complete proof was given much later in [TO]. The analytic vector field V on the whole 
sphere obtained in this way is called the Poincare field associated to the system (S). The 
phase curves of V coincide in each chart with phase curves induced by planar polynomial 
vector fields, in particular in the chart corresponding to Z = 1, denoting the two coordinate 
axes x, y corresponding to the OX and OY directions, they coincide with the phase curves 
induced by (S). The two planar polynomial vector fields U, V associated to the charts for 
X = 1 (with local coordinates (u,z)) and for Y = 1 (with local coordinates (v,w)) and 
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changes of coordinates u = y/x, z = 1/x, or v = x/y, w = 1/y follows: 

C(v, l,w), 
-wQ(v, 1, w), 

where P, Q and C are defined further below. 

By the compactification of the planar polynomial vector field associated to (S) we 
understand the restriction V\h> (where by Ti' we understand the upper hemisphere Ti 
completed with the equator) of the analytic vector field V on the sphere. In this work 
we are interested in the topological classification of (S) on IR 2 (or V\n) completed with 
its points "at infinity", i.e. on the equator S 1 of S 2 . Since the vertical projection is a 
diffeomorphism of Ti' on the disk {(x,y)\x 2 + y 2 < 1} we can view the phase portraits of 
our systems (S) on this disk, called the Poincare disk. 

We shall also use the compactifications (real or complex) associated to the foliations 
with singularities (real or complex) attached to a real polynomial system (S) (cf. [S] or 
[25J). These foliations can be described as follows: For a real polynomial system (S) with 
n = max(deg(p), deg(g)) we associate to the two polynomials p,q G defining (S), 

the homogeneous polynomials P, Q in X, Y, Z, of degree n with real coefficients, defined as 
follows: 

P(X, Y, Z) = Z n p(X/Z, Y/Z), Q(X, Y, Z) = Z n q(X/Z, Y/Z). 

The real (respectively complex) foliations with singularities associated to (S) on the real 
projective plane P 2 (IR) (respectively complex, P 2 (C)) are then described in homogeneous 
coordinates by the equation 

A(X, Y, Z)dX + B(X, Y, Z)dY + C(X, Y, Z)dZ = 0, (2.1) 

where A = ZQ, B = -ZP, C(X, Y, Z) = YP{X, Y, Z) - XQ(X, Y, Z) verify the following 
equality 

A(X, Y, Z)X + B(X, Y, Z)Y + C{X, Y, Z)Z = (2.2) 

in R[X, Y, Z\. (For more details see f\ or 

Our goal in this work is to give a topological classification, in terms of both geometric 
and algebraic invariants, of the quadratic systems (S) and their compactification on H' 
in the neighbourhood of the equator in the closed upper hemisphere H' of the Poincare 



U 



du 

~dt 

dz 

~dt 



C(l,u,z), 
zP(l,u,z), 



and 



V 



dv 

~dt 

dw 

~dt 
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sphere. Correspondingly this yields a topological classification of the real foliations, in the 
neighbourhood of the line at infinity associated to the imbedding of the affine plane: 

j : A 2 (M) = R 2 — >P 2 (M) 

where j(x, y) — [x : y : 1]. The line at infinity in this case is therefore Z = 0. 

3 Divisors on the line at infinity encoding globally the 
multiplicities of singularities 

In this section we consider real polynomial systems (S) with n = max(deg(p), deg(g)) and 
their associated foliations with singularities, real or complex, defined in the previous section 
by the equation (|2.1j) with coefficients A, B, C verifying (|2.2|) . 

Definition 3.1. For a system (S) we call divisor on the line at infinity, a formal expression 
of the form D = ^2,n{w)w where w is a point of the complex line Z = of the complex 
projective plane, n(w) is an integer and only a finite number of the numbers n(w) are not 
zero. We call degree of the divisor D the integer deg(D) = ^n(io). We call support of the 
divisor D the set Supp (D) of points w such that n(w) ^ 0. 

For systems (S) two divisors on the line at infinity were introduced in These were 
applied in for classifying topologically the quadratic systems with a weak focus of third 
order. 

Definition 3.2. Assume that a system (S) is such that p(x, y) and q(x, y) are relatively 
prime over C and that yp n — xq n is not identically zero (i.e. Z \ C ). Here p n (respectively 
q n ) is the sum of terms of degree n of p (respectively of q) in case at least one of them has 
a non-zero coefficient and zero otherwise. 

The following divisor on the line at infinity is then well defined: 

D S (P,Q;Z) = J2UP,Q)™ 

where the sum is taken for all points w = [X : Y : 0] on the line Z = and I W (P,Q) 
is the intersection number (or multiplicity of intersection) at w (cf. 11 If ) of the complex 
projective curves P(X,Y,Z) = and Q(X,Y,Z) = 0. 

We thus have Supp(D s (P, Q; Z)) = {w E {Z = 0}\P{w) = = Q(w)}. 
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The above divisor is a purely geometric object which encodes the contribution to the 
multiplicities of the singularities at infinity of the system (S), arising from singularities in 
the finite plane, i.e. how many singular points in the finite plane could appear from those 
singularities at infinity in (polynomial) perturbations of (S). 

Let us list a number of integer-valued invariants which are attached to this divisor. 
Notation 3.1. 

AW(S) = #Supp( J D 5 (P,Q;Z)); 
1/(5) = max{/4P, Q) | w E $upp{D s {P, Q] Z))}; 
for every m < u{S), s(m) = # {w G {Z = 0} | I W (P, Q) = m} . 

Note that N^j is the number of distinct infinite singularities of (S) which could produce 
finite singular points in a (polynomial) perturbation of (S). 

We also need another divisor on the line at infinity which was used in and ^3] and 
which is defined as follows: 

Definition 3.3. Suppose Z \ C and consider 

D S (C, Z) = J2UC, Z)w 

where the sum is taken for all points w = [X : Y : 0] on the line Z = of the complex 
projective plane. 

Clearly for quadratic differential systems deg(_Ds(C, Z)) = 3. 

Definition 3.4. A point w of the projective plane P 2 (C) is said to be of multiplicity (r, s) 
for a system (S) if 

(r,s) = (I w (P,Q),I w (C,Z)). 

Following [23 we fuse the above two divisors on the line at infinity into just one but 
with values in the ring Z 2 : 

Definition 3.5. 




where w belongs to the line Z = of the complex projective plane. 



S 



The above defined divisor describes the number of singularities which could arise in 
a perturbation of (S) from singularities at infinity of (S) in both the finite plane and at 
infinity. 

Definition 3.6. We call type of the divisor Ds{P, Q] Z) the set 

{(s(m), m) | m < v(S)}. 

Remark 3.1. We observe that the types of Ds(P,Q] Z) and of D${C, Z) are affine in- 
variants since both I W (P,Q) and I W (C,Z) remain invariant under the action of the affine 
group on systems (S) (JTJfi, W$ )- 

Notation 3.2. Let us introduce for planar systems (S) the following notations: 
A s = deg D S (P, Q; Z), M c = m&x{I w (C, Z)\ w G Supp( J D 5 (C, Z))}. 

Consider a real quadratic differential system (S): 

-j7 =Po+Pi( x iV) + P2(x,y) =p(x,y), 

dy ^ 
=q + qi(x,y)+ q 2 (x,y) = q(x,y). 

Suppose gcd(p, q) = constant, where Pi (respectively qi) is the sum of terms in x and y of 
degree i of p (respectively of q) in case at least one such term has non-zero coefficient and 
zero otherwise. Recall that QS denotes the class of all real quadratic systems. 

We want to list all possible divisors D$ for quadratic systems (S) and characterize in 
terms of invariants and comitants the types of these divisors. This would make possible 
for any given system and in any chart the computation of the type of its divisor D$- To 
do this we need to construct invariants and comitants with respect to group actions, which 
we do in the next section. 
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4 Group actions on quadratic systems (13.11) and in- 
variants and comitants with respect to these actions 

4.1 Group actions on quadratic systems ( 13.11) 

More explicitly the systems ()3.1|) can be written in the form: 

— = a 00 + a 1Q x + a 01 y + a 20 x 2 + 2a n xy + a 02 y 2 , 
at 

dy 

— = b 00 + b 10 x + boxy + b 20 x 2 + 2b n xy + b 02 y 2 , 
at 

and let a = (a 00 , • • • , 602)- Consider the ring R[a 00 , a w , . . . , a 02 , b 00 , b 00 , b 10 , b 02 , x, y] 
which we shall denote M[a, x, y]. 

On the set QS of all quadratic differential systems (jH.lj) acts the group Aff(2,M.) of 
affine transformations on the plane. Indeed for every g G Aff(2, R), g : 1R 2 — > 1R 2 we 
have: 

m( X )+B: a- 1 : ( X ) = M' 1 ( Z) - M~ X B. 



9 ■ ~ = m + a\ g 

kVJ \yj \vj \v 

where M = ||My| | is a 2 x 2 nonsingular matrix and B is a 2 x 1 matrix over R. For every 
S G QS we can form its transformed system S = gS: 

^=p(x,y), ^ = q(x,y), (S) 



where 
The map 



y4//(2,M)xQS — > QS 

(9, S) — ► S = gS 

verifies the axioms for a left group action. For every subgroup G C Aff(2, R) we have an 
induced action of G on QS . We can identify the set QS of system (|3.1|) with a subset 
of 1R 12 via the embedding QS 1R 12 which associates to each system (j3.1j) the 12-tuple 
(aoo, • • • , bo 2 ) of its coefficients. 

On systems (S) such that max(deg(p), deg(g)) < 2 we consider the action of the group 
Aff(2, R) which yields an action of this group on IR 12 . For every g G Aff(2,M) let r g : 
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R 12 — > R 12 be the map which corresponds to g via this action. We know (cf. (20]) that 
r g is linear and that the map r : Aff{2, R) — > GL(12,R) thus obtained is a group 
homomorphism. For every subgroup G of j4/jf(2, R), r induces a representation of G onto 
a subgroup of GL(12,R). 

4.2 Invariants and comitants associated to the group actions 

Definition 4.1. A polynomial U(a,x,y) G R[a, zs called a comitant of systems \S. 1\) 
with respect to a subgroup G of Aff(2,M.), if there exists x £ ^ such that for every 
(g, a) £ G x R 12 and for every (x,y) G R 2 the following relation holds: 

u ( r g( a ), 9(x,y))= (det gy x U(a,x,y), 

where det g = detM. // the polynomial U does not explicitly depend on x and y then it 
is called invariant. The number \ G Z is called the weight of the comitant U(a,x,y). If 
G = GL(2,R) (or G = v4//(2,R) ) then the comitant U(a,x,y) of systems hS. 1\) is called 
GL-comitant (respectively, ajfine comitant). 

Definition 4.2. A subset X C R 12 will be called G-invariant, if for every g G G we have 
r g (X)CX. 

As it can easily be verified, the following polynomials are GL-comitants of system (jrS.l|) : 



Ci(a 


so, y) 


= yPi(x, y) - xqi(x, y), i = 0, 1, 2; 


M(a 


x,y) 


= 2 Hess (C 2 (a,x, y)); 




r](a) 


= Discrim (C*2(a, x, y))] 


K(a 


x,y) 


= Jacob (p 2 (x,y),q 2 (x,y)); 


fi (a) 


= Res x (p 2 ,q 2 )/y 4 = Discrim (K(a,x,y)) /16; 


H{a 


x,y) 


= - Discrim (ap 2 (x, y) + f3q 2 (x,y))\ {a=yJ3= _ x} 


L(a 


x,y) 


= 2K — AH — M; 


Ki{a 


x,y) 


= p 1 (x,y)q 2 (x,y) - p 2 (x,y)q 1 (x,y). 



(4.1) 



Let T(2,R) be the subgroup of Aff(2,M) formed by translations. Consider the linear 
representation of T(2,R) into its corresponding subgroup T C GL(12,R), i.e. for every 
r G T(2, R),t: x = x + a,y = y + (3 we consider as above r T : R 12 — > R 12 . 
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Definition 4.3. A GL-comitant U(a,x,y) of systems is called a T-comitant if for 

every (r, a) G T(2, R) x M 12 and for every (x,y) G M 2 the relation U(r T ■ a, x, y) = 
U(a, x, y) holds. 

Let 

di 

Ui(a, x,y) = Y^ ('ui" )■•■'' V, i = l,...,s 

3=0 

be a set of GL-comitants of systems (|3.1j) where di denotes the degree of the binary form 
Ui(a, x, y) in x and y with coefficients in R[a] where R[a] = M[aoo, • • • , 602]- We denote by 

U = { Uij(a) G R[a] \ i = l,...,s, j = 0,1,. ..,%}, 

the set of the coefficients in R[a] of the GT-comitants Ui(a, x, y), i = 1, . . . , s, and by V(U) 
its associated algebraic set: 

V{U) = { a G R 12 I E/tf(a) = V ^(a) G U } . 

Definition 4.4. A GL-comitant U(a,x,y) of systems \3. 1)) is called a conditional T- 
comitant (or CT-comitant) modulo (Ui, U2, U s ) if the following two conditions are sat- 
isfied: 

(i) the algebraic subset V{U) C M 12 is afftnely invariant (see Definition s. 6 ^ ; 

(ii) for every (t, a) G T(2,R) x V(U) we have U{r T a, x, y) = U(a, x, y) in R[x, y}. 

In other words, a CT-comitant U (a, x, y) modulo (Ui, U2, U s ) is a T-comitant on the 
algebraic subset V(U) C 1R 12 . 

Proposition 4.1. Let S G QS and let a G M 12 be its 12-tuple of coefficients. The common 
points of P = and Q = on the line Z = are given by the common linear factors over 
C of p 2 and q 2 . This yields the geometrical meaning of the comitants fiQ, K and H : 

constant if f Hq{o) 7^ 0; 

bx + cy iff Hq = 0, K(a,x,y) ^ 0; 

yuo(a) = 0, K(a, x, y) = 



rcd(j) 2 (x,y),q 2 {x,y)) = { (bx + cy)(dx + ey) iff 

(bx + cyf iff 
where bx + cy, dx + ey G C[x, y] are some linear forms and be — cd 7^ 0. 



and H(a, x, y) 7^ 0; 

^0 = 0,K(a,x,y) = 0, 
and H(a, x, y) = 0; 
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Definition 4.5. The polynomial U(a, x, y) G K[a, x, y] has well determined sign on V C R 12 
respect to x, y if for every fixed a G V, i/ie szgn 0/ £/ie polynomial function U(a,x,y) 
on R 2 is constant where this function is not zero. 

Observation 4.1. We draw the attention to the fact, that if a CT-comitant U(a,x,y) of 
even weight is a binary form in x, y, of even degree in the coefficients of \3.1\) and has 
well determined sign on some affine invariant algebraic subset V(U) then this property is 
conserved by any affine transformation and the sign is conserved. 

4.3 Canonical forms of planar quadratic systems in the 
neighbourhood of infinity 

Lemma 4.1. For a system h3.1\) with C^a, x, y) ^ the divisor D${C, Z) is well defined 
and its type is determined by the corresponding conditions indicated in Table 1, where we 
write ql + q\ + qz if two of the points, i.e. q^,q 2 , are complex but not real. Moreover, 
for each type of the divisor D${C, Z) given by Table 1 the quadratic systems \3. 1)) can be 
brought via a linear transformation to one of the following canonical systems (Sj) — (S/y) 
corresponding to their behavior at infinity. 

Proof: The Table 1 follows easily from the definitions of r)(a) and M(a,x,y) in (|4.1|) . Let 
us consider the GL-comitant C^a, x, y) ^ simply as a cubic binary form in x and y. For 
every a e IR 12 the binary form C2{a,x,y) can be reduced to one of the canonical forms 
given below, by a linear transformation, i.e. there exist g G GL(2,M): g{x,y) = (u,v) such 
that the transformed binary form gC^ia, x, y) = 02(0,, v)) is one of the following 

I.xy(x-y); II . x(x 2 + y 2 ); III.x 2 y; IV. x 3 , (4.2) 

which correspond to the types of the divisor D${C, Z) indicated in Table 1. On the other 
hand, according to the Definition 14.11 of the GL-comitant, for 6*2(0, x, y) whose weight 
X = -1 ; we have for g G GL(2, E) 

C 2 (r g (a), g(x,y)) = det(g)C 2 (a, x,y). 

Using g(x,y) = (u,v) we obtain 

C 2 {r g (a), u,v) = \C 2 {a, g~ x {u,v)), A G R, 

where we may consider A = 1 by rescaling : u = Ui/X, v = Vi/X. 
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Table 1 



M c 


Type of D S (C, Z) 


Necessary and sufficient 
conditions on the comitants 


Notation for 
the conditions 


1 




7] > 


Pi) 


qi + q 2 + q 3 


7? < 


(20 


2 


2gi + q 2 


^ = 0, M^O 


(SO 


3 


3g 


M = 


ft) 



dx 

dF 
dy 

dt 

dx 

dt 
dy 

dt 

dx 

~dt 

dy 

dt 

dx 

~dl 

dy 

dt 



k + cx + dy + gx 2 + (h — l)xy, 
I + ex + fy + (g - l)xy + hy 2 ; 

k + cx + dy + gx 2 + (h+ l)xy, 
I + ex + fy — x 2 + gxy + hy 2 ; 

k + cx + dy + gx 2 + hxy, 

I + ex + fy + (g - l)xy + hy 2 ; 

k + cx + dy + gx 2 + hxy, 

I + ex + fy — x 2 + gxy + hy 2 , 



(S/) 



>IIIj 



Thus, recalling that 

P2O, y) = a 20 x 2 + 2a n x, y + a 02 y 2 , q 2 (x, y) = b 20 x 2 + 26 n x, y + b 02 y 2 , 

for the first canonical form in (J4.2)) we have 

C 2 (a, x, y) = -b 20 x 3 + (a 20 - 2b u )x 2 y + (2a n - b 02 )xy 2 + a 02 y 3 = xy(x - y). 

Identifying the coefficients of the above identity we get the canonical form (S/): Analogously 
for the cases //, III and IV we obtain the canonical form (S#), (Sm) and (Sjy) associated 
to the respective polynomials in ()4.2j) . I 
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5 Classification of the quadratic systems according to 
the types of the multiplicity divisor T>s 



A specific type of a divisor D s yields a class of quadratic systems (|3.1j) . We want to list 
all possible types of the divisors Ds and for each specific type to determine the subset of 
QS where Ds has this type. We want to give this subset in terms of algebraic invariants 
and comitants so as to be able to check these conditions for every system (j3.1|) in any chart. 

In order to construct other necessary invariant polynomials let us consider the differen- 
tial operator £ = x ■ L 2 — y ■ L x acting on R[a, x, y] constructed in [S], where 

d d 1 d 1 d 1 d 1 1 d 
Li = 2a 00 7^ V aio-z h -aoi ~ V 2&oot^ h b w — V 7^01 - 



da w da 20 2 dan db w db 20 2 dbu 

d d 1 d . d . d 1. d 
L 2 = 2a 00 7^ h aoiT^ h 7^107; h 2o 00 7^ h b i — h -610 - 



da i da 02 2 da u db m db 2 2 db u 

as well as the classical differential operator (f,^)^ acting on R[a, x,y] which is called 
transvectant of the second index (see, for example, IT7j): 

(/ )<*> = d lL d ^ _ 2^/1 #V + 9V 
dx 2 dy 2 dxdy dxdy dy 2 dx 2 

Here f(x, y) and <p(x, y) are polynomials in x and y. 

In jS] it is shown that if a polynomial U G R[a, x, y] is a comitant of system (j3.1|) with 
respect to the group GL(2, R) then £(£/) is also a GL-comitant. The same is true for the 
operator transvectant of two comitants, / and (p. 

So, by using these operators and the GL-comitants fi (a), M(a,x,y) and K(a,x,y) we 
shall construct the following polynomials: 

y) = i£ W (/io), i = l,-,4, K(a) = (M,^)( 2 \ ^(a) = (M,d)( 2 ), (5.1) 

where £ (i) (/i ) = ^(/^(/lo))- 

These polynomials are in fact comitants of system (|3.1|) with respect to the group 
GL(2,R). 

To reveal the geometrical meaning of the comitants Hi(a,x,y), i = 0, 1, . . . , 4 we use 
the following resultants whose calculation yield: 

Res x (P,Q) = fi Y 4 + n 10 Y 3 Z + ii 20 Y 2 Z 2 + Li 3Q YZ 3 + fi i0 Z 4 ; (5.2) 
Res Y {P,Q) = fi X 4 + f i 01 X 3 Z + fi 02 X 2 Z 2 + fi 03 XZ 3 + f i 04 Z\ (5.3) 



Hi (0, x, 
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where = ^(a) G M[a 00 , • • • , 602]- 



On the other hand for /ij, % 



0, 1, . . . , 4 from (|5.1j) we have 



/i (a) 
fJ>i(a,x,y) 



fi 20 x 2 + nuxy + no2y 2 ; 
/i 30 x 3 + H2ix 2 y + /Ui 2 xy 2 + /i 32/ 3 ; 

/i 4 0^ 4 + A^ 3 ?/ + /i22£ V + /il3^Z/ 3 + /A)4?/ 4 - 



fi 2 (a,x,y) 
/i 3 (a,x,y) 
ji A (a,x,y) 



We observe that the leading coefficients of the comitants i = 0, 1, . . . , 4 with respect to 
x (respectively ?/) are the corresponding coefficients in ()5.2|) (respectively (j5.3|0 . 

We draw the attention to the fact, that if the comitant yUj(a, x, y) (i = 0, 1, . . . , 4) is not 
equal to zero then we may assume that its leading coefficients are both non zero, as this 
can be obtained by applying a rotation of the phase plane of the system (jS3| . From here 
and (|5.2|) . (|5.3|) and the above values of /ij, i = 0, 1, . . . , 4 we have: 

Lemma 5.1. The system P(X,Y, Z) = Q(X,Y, Z) = possesses m (= As) (1 < m < A) 
solutions [Xi : Yi : Zj\ with Z^ = (i = 1, . . . , m) (considered with multiplicities) if and only 
if for every i e {0, 1, . . . , m — 1} we have fii(a, x, y) — in M.[a, x, y] and /i m (a, x, y) ^ 0. 

Remark 5.1. It can easily be checked that the following identity holds 



Hence, clearly for any solution [X : Y : Z ] (including those with Z = 0) of the system of 
equations P(X,Y,Z) = Q(X,Y,Z) = 0, the following relation is satisfied: fi^(a, X ,Y ) = 



We give below our theorem of classification of the types of all divisors D$ occurring in 
quadratic systems and associate to each type the necessary and sufficient conditions in terms 
of algebraic invariants and comitants. The computation of these invariants and comitants 
can be programmed using symbolic manipulations and implemented on computers. Thus 
for any specific system (|3.1|) we can calculate explicitly its divisor type in whatever chart 
(|3.1|) is given. 

Theorem 5.1. We consider here the family QS ess of all systems (S) in QS which are 
essentially quadratic, i.e. gcd(P, Q) = 1 and Z \ C. All possible values which could be 
taken by As for such systems are as listed in the first column of Table 2. For each 

value of As, all possibilities we have for Mc, are listed in the second column. For each 



fj, 4 (a,X,Y) 



Res z (P(X,Y,Z),Q(X,Y,Z)). 



0. 
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combination (As, Mc) all the possibilities we have for the form of Dg are those indicated in 
the third column. For a specified (Ag,Mc), the necessary and sufficient conditions to have 
the form of D$ as indicated in the third column are those indicated in the corresponding 
fourth column. (We recall thatlj are the conditions indicated in Table 1. In the last column 
of Table 2 we denote by Sj the class of all quadratic systems which possess (As, Mq, D$) 
as indicated in the first three columns). 

Proof: We need to examine the four distinct cases corresponding to the canonical forms 
(Si) — (StvO, respectively. 

5.1 Systems of type S/ 

For systems (Si) we have /io = gh(g + h — 1) and for no ^ according to Lemma [5. II we 
have As = and, hence, we obtain a system of the class £i (see Table 2). 

Let us consider now fi = 0. In this case we have gh(g + h — 1) = and without loss 
of generality we may assume g = 0. Indeed, if h = (respectively, g + h — 1 = 0) we 
can apply the linear transformation which will replace the straight line y = with x = 
(respectively, y = with y = x). Let g = 0. By using the translation x = x± + (f + eh)/2, 
y = yi + e/2 we may assume e = / = 0. In this way the system (Si) will be brought to the 
following canonical form: 

x = k + cx + dy + (h — l)xy, y = I — xy + hy 2 , (5.4) 

for which we have 

^=ch(l-h)y, k = 64/i(l — h), K = 2h(h-l)y 2 . 

For {i\ ^ 0, from Lemma 15. II we obtain As = 1 which leads us to the case S 5 . 
Considering fi\ = we shall examine two cases: and k = 0. 

5.1.1 Case/t^O 

As the condition k ^ is equivalent to condition K ^ 0, according to Proposition 14.11 
we conclude that Supp D$(P, Q; Z) contains exactly one point p = [1 : : 0] since 
gcd(p2,<?2) = y- By Lemma IB~T1 its multiplicity I P (P,Q) depends of the number of van- 
ishing comitants fii(a,x,y). In this way we obtain that a quadratic system belongs to the 
set Sio (respectively £i 8 ; E 2 6) for /i ,i = 0, /i2 ^ (respectively for //o,i,2 — 0,/i3 ^ 0; 
/-k),i,2,3 = 0, /14 7^ 0). We use the compact notation /io,i,2 = for /i = /ii = /i2 = 0. 
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Table 2 



Ac 


M c 


Value nf Do 


Necessary and sufficient 
conditions on the comitants 


V. 




1 


©?+©?+©>■ 


to ± 0, (Ji) 


Si 


n 


(>+©,<=+©,.<= 


/i0 7^ 0, (J 2 ) 


s 2 


2 




/i0 7^ 0, (J 3 ) 


s 3 




3 


(Dp 


/i 7^ 0, (J 4 ) 


s 4 




1 




/i = 0, /ii 7^ 0, (2i) 


s 5 






/i = 0, /ii 7^ 0, (J 2 ) 


s 6 


l 


2 


(!)P+09 


/i = 0, jUi^O, 0, (J 3 ) 


s 7 








/i = 0, //i ^ 0, « = 0, (J 3 ) 


s 8 




3 


(Dp 


/i = 0, \L X ± 0, (J 4 ) 


s 9 






©?+©? + ©>■ 


A*o,i = 0, H2 7^ 0, k^0, (Ji) 






1 




A*o,i = 0, /x 2 7^ 0, K = 0, (Ji) 


Sn 




Qp + fih' + C)'" 


A*o,i = 0, /x 2 7^ 0, K^0, (J 2 ) 


Si2 


2 






A*o,i = 0, /i 2 7^ 0, k = 0, (J 2 ) 


S 43 






(Dp +©« 


to,i = 0, // 2 7^ 0, k + 0, (J 3 ) 


s 14 




2 


(Dp +©« 


A*o,i = 0, /x 2 7^ 0, k = 0, L = 0, (J 3 ) 








(Dp+Q? 


A*o,i = 0, /x 2 7^ 0, re = 0, L + 0, (J 3 ) 


Si6 




3 


(Dp 


A*o,i = 0, n 2 7^ 0, (J 4 ) 


E17 






(>+(>+ Or 


^0,1,2 = °, ^3 7^ 0, Kf^O, (Ji) 


^18 




1 




^0,1,2 = 0, /Z 3 + 0, K = 0, (Jx) 


s 19 








A*o,i,2 = °, ^3 7^ 0, (X 2 ) 


S 2 o 


3 




(Dp +©« 


^0,1,2 = 0, /i 3 7^ 0, K^0, (J 3 ) 






2 


(Dp +©« 


^o,i,2 = °, to 7^ 0, re = L = 0, «i 7^ 0, (J 3 ) 


s 22 






(Dp+(D<* 


A*o,i,2 = 0, /i 3 7^ 0, re = L = 0, ki = 0, (J 3 ) 


s 23 






©P+©9 


A*o,i,2 = 0, /i 3 7^ 0, re = 0, L^0, (J 3 ) 


s 24 




3 


(Dp 


^0,1,2 = 0, /i 3 7^ 0, (X 4 ) 


S 2 5 
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Table 2 (continued) 



A 5 


M c 


Value of D s 


Necessary and sufficient 
conditions on the comitants 




4 


1 




A*0,l,2,3 = 0, H4, ^ 0, K ^ 0, (Ji) 




(D? +(!)? + ©>• 


A*o,i,2,3 = 0, /i 4 7^ 0, re = 0, Ki ^ 0, (Ji) 


£27 




/i0,l,2,3 = 0, Hi ^ 0, K = 0, If i = 0, (Ji) 


^28 


(>+©«<+ 


/i0,l,2,3 = 0, (J>4 7^ °> K 7^ 0) (^2) 


S29 


O+O'r'+GK 


Ato,i,2,3 = 0, /i 4 7^ 0, re = 0, (J 2 ) 


£30 


2 


fflp+GDa 


A*0,l,2,3 = 0, /i4 7^ 0, K ^ 0, (J 3 ) 


£31 


©!>+©« 


A*o,i,2,3 = 0, /i 4 7^ 0, k = L = 0, ki 7^ 0, (J 3 ) 


S 3 2 




Ato,i,2,3 = 0,/i 4 7^ 0,k = L =k 1 = 0,K 1 = 0, (J 3 ) 


£33 


(Dp +©« 


A*o,i,2,3 = 0,/i 4 7^ 0, k = L = ki = 0, ifi 7^ 0, (J 3 ) 


s 34 




A*o,i,2,3 = 0, /i 4 7^ 0, re = 0, L^0, (J 3 ) 


S 3 5 


3 


©p 


^0,1,2,3 = 0, ^ 4 7^ 0, (J 4 ) 


S 3 6 
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5.1.2 Case k = 

In this case h(h—l) = and analogously to the previous case, without loss of the generality 
we may assume h = 0. Thus, for system ()5.4|) we obtain: 

A*o = A*i = 0, iii = —cdxy, = [k — l)(dy — cx)xy, 

/i 4 = — xy[lc 2 x 2 — (k — l) 2 xy + Hcdxy + ld 2 y 2 }, K\ = —xy(cx + dy). 

So, if /12 7^ taking into consideration Remark 15.11 and the value of the comitant fi^, we 
obtain the case S n in Table 2. 

If /j,2 = and /X3 then cd = 0, c 2 + d 2 7^ and clearly we arrive at the case E 19 . 

Let us now suppose that the conditions ^2 = ^3 = hold. 

5.1.2.1 Ki 7^ 0. Then c 2 + d 2 7^ and from /i 3 = we obtain k = I which yields either 
/Z4 = —ld 2 xy 3 (for c = 0) or /i 4 = —lc 2 x 3 y (for <i = 0). Both these cases lead us to the case 
E 2 7 in Table 2. 

5.1.2.2 ^ = 0. In this case it follows at once that c = d = and, hence, /Z4 = 
4(/c — l) 2 x 2 y 2 . Thus taking into consideration Remark 15. II we obtain the case £ 2 8- 

5.2 Systems of type (S#) 
For a canonical system (Sn) we obtain 

^0 = -% 2 + (h + l) 2 ], « = -64 [s 2 + (A + 1)(1 - 3/1)] , 
K = 2(g 2 + h + l)x 2 + Aghxy + 2h(h + l)y 2 

and for /i 7^ according to Lemma 15. II we have As = 0. Thus we obtain the case S 2 in 
Table 2. 

Let us consider now /x = 0, i.e. h[g 2 + (h + l) 2 ] = 0. 
5.2.1 Case 

In this case we have h = and since the condition k 7^ is equivalent to the condition 
K ^ 0, according to Proposition 14. 11 Supp D S (P, Q; Z) contains only one point, namely the 
real one. By Lemma f5. II its multiplicity depends of the number of the vanishing comitants 
/ij. Therefore the quadratic system belongs to the set S 6 (respectively S 12 ; £20; ^29) for 
fix 7^ (respectively for fi x = 0,fi 2 ^ 0; fMx,2 = 0, /i 3 7^ 0; fi lt 2,3 = 0, fi 4 ^0). 
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5.2.2 Case k = 

The conditions fiQ = k = yield g = 0, h = — 1 and translating the origin of coordinates 
at the point (e/4, //4) the system (Sn) will be brought to the form 

x = k + cx + dy, y = I — x 2 — y 2 , (5.5) 

for which 

£to = A*i = 0, fi 2 = (c 2 + d 2 )(x 2 + y 2 ), 

/i 4 = (x 2 + y 2 ) [(A; 2 - c 2 l)x 2 - 2 cc/Zxy + (k 2 - d 2 l)y 2 ] . 

Thus, according to the Remark [5. 11 for /i 2 ^ we obtain the case E 13 . 

Let us admit that condition /z 2 = is satisfied. Then c = d = and for systems (|5.5|) 
we have // 3 = 0, \i± = &; 2 (x 2 + y 2 ) 2 . This leads us to the case E 30 . 

5.3 Systems of type (Sni) 

For canonical systems (Sjjj) one can calculate 

fi Q = gh 2 , k = -64/i 2 , K = 2 [g(g - l)x 2 + 2ghxy + h 2 y 2 ] . 
It is quite clear that for /i 7^ we have A5 = and this leads us to the case E 3 . 
Suppose /io = 0. We examine the two CclSCS! Hi 7^ and k = 0. 

5.3.1 Case k ^ 

Then h 7^ which yields g = and thus for the systems (S/#) we have gcd(p 2 , Q2) — V- 
So, taking into consideration the Remark 15.11 and the fact that for the systems {Sni) the 
polynomial C 2 (x, y) = x 2 y we obtain the case E 7 if fix 7^ 0. 

On the other hand the condition h 7^ implies K 7^ 0. Hence, by Proposition 14.11 
and Lemma [5. 11 Supp Ds{P, Q; Z) contains exactly one point [1 : : 0] of the multiplicity 
(As, 1). Consequently we conclude that the quadratic system belongs to the set E14 (re- 
spectively, E 2 i; E31) for //! = 0,// 2 7^ (respectively, // 1>2 = 0,/i 3 7^ 0; /ii j2j3 = 0, /x 4 7^ 0). 

5.3.2 Case k = 

In this case h = and for systems (Sni) with p 2 = 9% 2 , 12 = (9 — 1)^2/ we have 

yu = 0, /ii = - l) 2 x, L = 8gx 2 , 

and gcd(p 2 , I2) = By Lemma l5~T1 for /ii 7^ the quadratic systems belong to the set Eg. 

Supposing H\ = we shall consider two subcases: L 7^ and L = 0. 
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5.3.2.1 Subcase L 7^ 0. Then g 7^ and hence gcd(j?2, 92) — ^ f° r 9 7^ 1 an d 
gcd(p2,?2) — ^ 2 for ,9 = 1- Hence in both cases by Proposition 14.11 and Lemma 15.11 
Supp Ds(P, Q; Z) contains exactly one point [0:1:0] whose multiplicity depends of the 
number of vanishing comitants fii(a,x,y). Therefore we conclude that the quadratic sys- 
tems belong to the set S 16 (respectively £24; ^ 35 ) for fi 2 7^ (respectively \i 2 = 0, /i 3 7^ 0; 
1*2,3 = 0, fi A / 0). 

5.3.2.2 Subcase L = 0. For the systems (S/#) we have g = and applying the trans- 
lation of the phase plane (to obtain e — f — 0) these systems can be brought to the form 

x = k + cx + dy, y = I — xy. (5.6) 
For the systems (|5.6|) we have // = f*i = and 

/i 2 = —cdxy, /x 3 = —kxy(cx — dy), K\ = —32c?, /i 4 = — [c 2 /x 2 + (2cdZ — k 2 )xy + d 2 ly 2 ~\ . 
So, if /i2 7^ by the Remark [5. II and Lemma I5~T1 the systems (|5.6|) belong to the class E15. 
Let us suppose that the condition // 2 = holds. 

5.3.2.2.1 If «j 7^ then d 7^ which implies c = 0. Then /i 3 = dkxy 2 and taking 
into consideration the factorization of the comitant /i^, we obtain the case £22 for /i 3 7^ 
and the case £ 32 for /x 3 = 0, /i 4 7^ 0. 

5.3.2.2.2 Let us suppose K\ = 0. Then d = and for the system (|5.6|) we obtain 

/i 3 = —ckx 2 y, /j,4 = —x 2 y(c 2 lx — k 2 y), K x = —cx 2 y. 

Therefore, if // 3 7^ by Remark 15. II and Lemma f5. II the systems ()5.6|) belong to the class 
£23 • If A*3 = we obtain c/c = and we need to distinguish two cases: K\ 7^ and K\ = 0. 

The condition K\ 7^ yields c^0 and, hence, = 0. This leads us to the case £ 34 . If 
K\ — then c = and we obtain the case £ 33 . 

5.4 Systems of type (Sjy) 

Note that for systems of the type (Sjy) we have D${C, Z) = 3q. So, Supp-Ds(P, Q; could 
contain only the point [0:1:0]. By Lemma 15.11 its multiplicity depends of the number 
of the vanishing comitants /ij. Therefore we obtain that the quadratic system belongs to 
the set £4 (respectively £9; £17; £25; £36) for fi 7^ (respectively for fi Q = 0,/ii 7^ 0; 
V>o,i = 0,/i 2 7^ 0; /i ,i,2 = 0, /i 3 7^ 0; ^0,1,2,3 = 0, /i 4 7^ 0). 

As all cases are examined, Theorem 15.11 is proved. j 
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6 Divisors encoding the topology of singularities at 
infinity 

We now need to consider the topological types of the singularities at infinity of quadratic 
systems. For this we shall introduce a third divisor at infinity: 

Definition 6.1. We call index divisor on the real line at infinity ofR 2 , associated to a real 
system (S) such that Z \C , the expression i{w)w where w is a singular point on the line 
at infinity Z = of the system (S) and i(w) is the topological index (cf. of w, i.e. 

i(w) is the topological index of one of the two opposite singular points w, w' ofV on S 2 . 

Remark 6.1. This is a well defined divisor which could be extended trivially to a divisor 
Y2j{w)w, w G {Z = 0} on the line at infinity Z = of C 2 by letting 

. , f i(w) if w G P 2 (M) 

Jy J \o if »eP 2 (C)\P 2 (R), 

where we identify P 2 (R) with its image via the inclusion P 2 (M) <^-> P 2 (C) induced byR^C. 

Notation 6.1. We denote by I{S) the above divisor on Z = in P 2 (C) ; i.e. I(S) = Y2j{ w ) w - 

Notation 6.2. We denote by Nq(S) (respectively, by N^(S)) the total number of distinct 
singular points, be they real or complex (respectively, real), on the line at infinity Z = of 
the complex (respectively, real) foliation with singularities associated to (S). 

We need to see how the divisor I(S) = J2j{w)w and the divisors D S (P,Q]Z) = 
I w (P,Q)w and D S (C,Z) = I W (C, Z)p constructed in Section 3 are combined. For 

this we shall fuse these three divisors on the complex line at infinity into just one but with 

the values in the abelian group Z 3 : 

Notation 6.3. Let us consider the following divisor with the value in Z 3 on Z = 0: 

w 

where w belongs to the line Z = of the complex projective plane. 

We cannot detect the multiplicities of the singularities at infinity of a system S(X) for 
the parameter value A from just the phase portrait of S(X). On the other hand T)s{\) has 
dynamic qualities since it gives us some information about what could happen to the phase 
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portraits in the neighbourhood of A. For example if w G {Z = 0} and if I W (P, Q) = 2 for 
S(Xq), then we know that in the neighbourhood of Ao the phase portraits of S(X) will have 
2 finite points arising from w in the neighbourhood of w. 

We denote by H' and Ti. the following sets: 

H' = {X 2 + Y 2 + Z 2 = l| Z > } , H = {X 2 + Y 2 + Z 2 = l| Z > } . 

For (S) in QS satisfying the hypothesis of Theorem 15.11 let u(S) be the set of all = 
2Nr(S) real singular points at infinity considered on the equator S 1 of the Poincare sphere. 

We consider the function n sect : o~(S) — > N where n sect {w) is the number of distinct 
local sectors of the point w G S 1 on TC. 

Let w G cr(S) and let p(S) = (wi,W2, ■■■,w rioo ) be the ordered sequence of singularities 
of 5 on S 1 , enumerated when S 1 is described in the positive sense and such that Wi = w. 

Let O s (w) = (n sect (w 1 ),n sect (w 2 ), ...,n sect (w noc )) . Then we have: 

O s {wi) = {n sect (wi),n sect (w i+1 ), ■■■,n sect (w noa ),n sect (wi), n aec t(u>i_i)) . 
Notation 6.4. We denote by O(S) anyone of the sequences Os{wi). 

Notation 6.5. We denote by max(n sed ) the maximum value of the function n sect , by 
N max (n sect ) = #{w G S 1 \n sect (w) = max(n seci )} and by N hsect (S) the total number of 
hyperbolic sectors in TC' of singularities at infinity of a system (S) G QS ess - 

Definition 6.2. Let hi(wi) and h 2 (w2) be two distinct hyperbolic sectors of singularities 
at infinity ui\, wi of a system (S) G QS ess - (i) We say that h\{w\) and ^2(^2) o^re finitely 
adjacent if w± = W2 = w and the two sectors and ^2(^2) have a common border 

which is a separatrix of w in the finite plane. 

(ii) We say that hi(wi) and ^2(^2) are adjacent at infinity if Wi and w 2 are opposite 
points of S 1 and w% (also W2) as a point of S 2 has two hyperbolic sectors with a common 
border, part of the equator. 

Notation 6.6. We shall use the following notation 

/y/ooa / N f-a N oo-a s 

where N[~^ t (respectively N^~^) is the total number of finitely adjacent couples of hyperbolic 
sectors (respectively adjacent at infinity). 
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7 Classification of quadratic differential systems ac- 
cording to their behavior in the neighborhood of 
infinity 

The study of the geometry of the systems yields a simpler set of algebraic invariants than 
those used in We refine here the invariants which appeared in [16, so as to reveal the 
geometry of the systems. 

We now need to relate the geometrical invariants defined in the previous section to their 
algebraic counterparts, i.e. the comitants and algebraic invariants. 

To do this we construct below the GL-comitants which we need, by using the following 
basic ones: 

Q = ypi(x, y) - xqi(x, y), % = 0, 1, 2, 
d d 

Di = —pi(x,y) + —qi(x,y), i = 1,2, J x = Jacob(C , D 2 ), 
ox ay 

J 2 = Jacob(Co,C 2 ), J3 = Discrim{C\), J4 = Jacob{C\, D 2 ). 

Using the comitants (j4.1j) and ()5.1|) we constructed in Sections 4 and 5 we define the 
following new polynomials: 

N = K + H, R = L + 8 K, k 2 = -J 1 , £ = M - 2K, 

K 2 =4 Jacob(J 2 , + 3 Jacob(d, £)£>i - C(16Ji + 3 J 3 + ZD\), (7.1) 

K 3 = 2C\(2.h - 3J 3 ) + C 2 (3C K - 2d J 4 ) + 2K 1 (C 1 D 2 + 3^). 

All these polynomials are GL-comitants, being obtained from simpler GL- comitants. 

In the statement of the next Theorem Figure j for j =1,...,40 will denote a phase 
portrait in the vicinity of infinity of a quadratic system in QS ess - The notation for the 
figures in ^B] was Fig j, j = 1, ...,40. The correspondence between the two notations is 
indicated in columns 6 and 7 in Table 3. 

In our next Theorem we relate the geometry at infinity of quadratic systems with 
algebraic and geometric invariants. 

Theorem 7.1. [The classification theorem] We consider here the family QS ess of all 
systems (S) in QS which are essentially quadratic, i.e. gcd(P, Q) = 1 and Z \C. 

A. The phase portraits in the vicinity of infinity of the class QS ess are classified topo- 
logical^ by the integer-valued affine invariant J = (O, N hsect , A£^) which expresses geo- 
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metrical properties of the systems, e.g. number of real singularities, number of their sectors 
and the way in which these numbers are concatenated, etc. The classification appears in 
Table 3 with the corresponding phase portraits in Table 5, where they are listed for each 
value of Nm.(S) in order of increasing topological complexity. 

B. The geometrical properties in the neighbourhood of infinity of quadratic systems (S) 
in QS ess are expressed in terms of algebraic invariants and comitants as indicated in Table 
4, which contains the full information regarding multiplicities and indices of the singularities 
at infinity for all quadratic differential systems in QS ess . The conditions appearing in the 
last column of Table 4 are affinely invariant. 

The proof is based on the Theorem 15.11 as well as on the invariant classification of 
quadratic systems at infinity given in [16] . subject to some corrections as we shall indicate 
below. 

We point out that the affinely invariant conditions occurring in part B of the theorem, 
greatly simplify the analogous conditions in [To] . 

Remark 7.1 (Corrections to [16j). In the statement of Theorem 2 ( a), b)) in J3J^ (see 
page 92) A m > must be replaced by A m < and conversely. Since this theorem was used 
in llbf we have to note that several expressions in the sequences of the invariant conditions 
given in llbf must be taken with opposite sign, more precisely: 

• FlG. 4: the inequality FSi > must be replaced by FS\ < 0; 

• Fig. 5: the inequality FSi < must be replaced by FS\ > 0; 

• Fig. 6: the inequality GA < must be replaced by GA > 0; 

• FlG. 7: the inequality GA > must be replaced by GA < 0; 

• FlG. 37: the inequality S3 < must be replaced by S3 < 0, FSi < 0; 

• Fig. 38: the inequalities S3 > 0, FSi < must be replaced by S3 > 0, FSi < 0. 

Furthermore the saddle-node given in Fig. 29 of Ii6j / is not correctly placed. The correct 
phase portrait is given here in Figure 15. 

Proof of the Theorem 15.11 A. The phase portraits in the vicinity of infinity of QS ess 
where obtained in All calculations were done again for this article and as we indicated 
in Remark 17. 11 all phase portraits obtained in JH] with exception of Fig. 29 turned out to 
be correct. Figure 29 in JE] needed to be modified at one of its singularities and we give 
the respective corrected figure in Table 5 {Figure 15). 
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Table 3 
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N R (S) 


max(n seci ) 


-^Vmax \P>sect) 


O(S) 




# of Figures 


hsect 


AT 


Old 
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2 
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32 
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39 
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Table 4 



Figures 


Value of T> s 


Necessary and sufficient conditions 


Fig.l 


(l,0,l)p+(l,0,l)g+(l,0,l)r 


T] > 0, flQ < 0, K > 


(1, 2, l)p+ (l,0,l)g+ (1,0, l)r 


i] > 0, /i ,i = 0, /i 2 < 0, k > 


Fig. 2 


(1, l,0)p+ (1,0,1) ? +(1,0, l)r 


rj > 0, no = 0, Hx ^ 0, k > 


(1,3, l)p+ (1,0,1)?+ (1,0, l)r 


T] > 0, /i ,l,2 = 0, /i 3 7^ 0, K > 


(l,2,l)p+(l,l,l) g +(l,0,l)r 


^ > 0, /i ,i,2 — k — 0, H3K1 < 


Fig. 3 


(l,l,0)p+(l,l,0) ? +(l,0,l)r 


?7 > 0, /i ,l = K = 0, yU 2 L < 


(l,3,0)p+ (1,1,0)?+ (1,0, l)r 


V > 0, ^0,1,2,3 = « = 0, a* 4 £ < 0, Ki ^ 


Fig. 4 


(l,l,0)p+(l,l,0) g +(l,0,l)r 


?7 > 0, Ho,i — k — 0, /i 2 L > 


(l,3,0)p+(l,l,0) g +(l,0,l)r 


^ > 0, ^0,1,2,3 = « = 0, j* 4 L > 0, ^ 


Fig. 5 


(l,0,l)p+(l,0,l) ? + (l,0,-l)r 


77 > 0, Ho > 


(l,2,l)p+(l,0,l) ? + (l,0,-l)r 


77 > 0, Ho,i = 0, yU 2 > 0, k < 


(l,4,l)p+(l,0,l) ? + (l,0,-l)r 


?7 > 0, /io,l,2,3 = 0, Hi 7^ 0, K < 


(l,0,l)p+(l,0,l)g + (l,2,-l)r 


77 > 0, /i ,i = 0, /x 2 > 0, k > 


(l,0,l)p+(l,0,l) ? + (l,4,-l)r 


V > 0, ^0,1,2,3 = 0, ^4 7^ 0, re > 


(l,2,l)p+(l,0,l)g+(l,2,-l)r 


9 g > 0, ^0,1,2,3 = 0, Hi 7^ 0, K = Ki = 
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Figures 


Value of V s 


Necessary and sufficient conditions 


Fig. 6 


(1, l,0)p+ (1,0,1)? + (1,0, -l)r 


77 > 0, /i = 0, /ii 7^ 0, /t < 


(l,3,l)p+(l,0,l)? + (l,0,-l)r 


77 > 0, /i ,i, 2 = 0, /i 3 7^ 0, k < 


(1, 2, ljp + (1, 1, l)q + (1, 0, -ljr 


77 > 0, /io,i,2 — K — 0, [i%Ki > 


Fig. 7 


(l,0,-l)p+(l,0,l)?+(l,0,-l)r 


77 > 0, /i < 0, k < 


(l,2,-l)p+(l,0,l)?+(l,0,-l)r 


77 > 0, /i ,i = 0, /i 2 < 0, k < 


Fig. 8 


(2,2,0)p+(l,0,l)? 


J) = 0,I^0, // ,i = /t = /ti = 0, 
/i 2 > 0, L > 0, < 


(2,4,0)p + (1,0, 1) g 


1 = 0,M^0, ^0,1,2,3 = « = «i = 0, 
/x 4 > 0, L > 0, X = 0, K 2 < 


(2,2, 0)p+ (1,2,1)? 


1 = 0^^0, A*0,l,2,3 = K = Ki = 

/x 4 ^ 0, L = K x = 0, /t 2 < 


Fig. 9 


(2,l,l)p+(l,0,l)? 


77 = 0,M/i!^0, /i = /t = 0,L>0,K<0 


(2,3,l)p+ (1,0,1)? 


77 = 0, M/CiL^O, ^0,1,2 = K = 0,^3^1 <0 


(2,l,l)p+ (1,2,1)9 


77 = 0, M 7^ 0, /i ,i,2 = k = L = 0, 

Kl 7^ 0, < 


Fig. 10 


(2, 2, 2) p+ (1,0, 1)? 


tj — n m =^ n //n 1 — k — k,- n 

'/ — u ? iw 7^ u 5 f-O,! — ™ — ™1 — u ? 

/x 2 < 0, L > 0, K < 


Fig. 11 


(2,l,l)p+(l,l,0)? 


rj = 0, M 7^ 0, /i ,i = k = L = 0, /x 2 ^0 


[Z, 1, 1) p + [1, 6,\J) q 


77 = 0, M 7^ 0, /io,i,2,3 — k—L — [), /i 4 /ci 7^ 


Fig. 12 


(2, 2, 2) p+ (1,1,0)? 


n — n Min ii„,„ — k — if, — n 
L = 0, /isi^i < 


Fig. 13 


(2,2,l)p+(l,0,l)? 


j) = 0,M/ 0,1/0,1 = « = 0,/i 2 ^0,/tiL^0 


^Z,4, + (4,0, UJ ^ 


77 — U, ikz /X4 7= U, //o,i,2,3 — K — U, H\±j^yj 


Fig. 14 


(2,3,l)p+ (1,0,1)? 


rj = 0, M 7^ 0,// ,i,2 = « = «i = 0, 
/x 3 7^ 0, L > 0, K < 


Fig. 15 


(2,3,l)p+ (1,1,0)? 


77 = 0, Mfi^Ki^O, /Io,l,2,3 = K = K>l=L = 


Fig. 16 


(2, l,l)p+ (1,0,-1)? 


77 = 0,M/i! 7^ 0,/i = /t = 0,L<0, V<0 


(2,l,l)p+(l,2,-l)? 


^0,1^0, Aio>1)2 =K = L = 0, 
ki 7^ 0, /x 3 ^i > 
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Table 4 (continued) 



Figures 


Value of T>s 


Necessary and sufficient conditions 


Fig. 17 


(2, 2, 2) p+ (1,0,-1)? 


rj = 0, M / 0, // 0jl = « = /€! = (), /i 2 > 0, L < 


(2,4, 2)p+(l,0,-l)g 


7] = 0, Af / 0, /i0 123 = K = K l = 0, /i4 > 0, < 


(2,2,2)p+(l,2,-l)g 


77 = 0, M / 0, //o,i,2,3 = K = K i = L = K 1 = 0, /x 4 / 0, ac 2 > 


Fig. 18 


(2,0,0)p+(l,0,l)g 


j) = 0,M/0,|io>0 


(2,0,0)p+(l,2,l)g 


?7 = 0, M / 0, // ,i = 0, /i 2 >0,^0 


(2,0,0)p+(l,4,l)g 


v = 0, M / 0, 7/0,1,2,3 = 0, 7/4 / 0, AC / 


(2,4, 0)p+(l,0,l)g 


1 = 0,1/0, ^0,1,2,3 = « = «1 = 0, 

/i 4 > 0, I > 0, if / 0, > 


1 = 0,1/0, A*0,l,2,3 = « = «i = 0, 

/i 4 >0, L > 0, K = 0, K 2 >0 


Fig. 19 


(2,2,0)p+(l,0,l)g 


r) = 0, M / 0, ^ 0)1 = « = k 1 = 0, /i 2 > 0, L>0, if 2 >0 


Fig. 20 


(2,0,0)p+(l,l,0)g 


^ = 0, M / 0, 7/0 = 0, /X! / 0, k / 


(2,0,0)p+(l,3,0)g 


v = 0, M / 0, 710,1,2 = 0, 7/3 / 0, k / 


Fig. 21 


(2,2,0)p+(l,l,0)g 


77 = 0, M / 0, /!o,l,2 = K = Kl=L = 0, > 


b lg. 22 


(2,0,0)p+(l,0,l)g 


77 = 0, M / 0, no < 


(2,0,0)p+(l,2,l)g 


r7 = 0, M / 0, 7/0,1 = 0, /x 2 < 0, k + 


Fig. 23 


(2,l,-l)p+(l,0,l)g 


77 = 0,M/0,/i = K = 0,/ii/0,L>0,K>0 


(2,3,-l)p+(l,0,l)g 


r; = 0,M/0, 7/0,1,2 = k = 0,kiL^0, 7/3^1 >0 


r lg. Z4 


(2,4, 0)p+ (l,0,l)g 


77 = 0, ML 7^ 0, 7/0,1,2,3 = AC = ACi=0, 7/4 <0 


Fig. 25 


(2,3,-l)p+(l,0,l)g 


77 = 0, M / 0, 7/0,1,2 = ac = aci = 0, 
7/3 / 0, L > 0, K > 


Fig. 26 


(2,l,l)p+ (1,0, -l)g 


77 = 0, M / 0, 7i = k = 0, Tii / 0, L < 0, N > 


(2,3,l)p+(l,0,-l)g 


77 = 0, M/0, 7/0,1,2 = ac = a«i = 0, 7/3/O, L<0 


Fig. 27 


(2,2,-2)p+(l,0,l)g 


77 = 0, M / 0, 77,0,1 = ^ = ^1 = 0, 
712 < 0, L > 0, K > 


Fig. 28 


(2,4,0)p+(l,0,l)g 


77 = 0, M / 0, /Jo,l,2,3 — AC — ACl — 0, 

714 > 0, L > 0, if / 0, R < 


Fig. 29 


(2,2,0)p+(l,0,-l)g 


77 = 0,M / 0,7i ,i = /t = Ki=0,77 2 <0,L<0 
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Table 4 (continued) 



Figures 


Value of T>s 


Necessary and sufficient conditions 


Fig. 30 


(l,0,l)p+(l,0,0)g c +(l,0,0)r c 


O < /7n > 


fl 2 Do + fl N )o c + f 1 0b c 


7 ^ u , UU,1 u , U2 ^ u , ^ / w 


fl 4 Do + f 1 N )o c + f 1 0b c 


O <" //n i o q = 11a =^ K =^ 


fl lb+fl 1 OV+fl 1 0b c 


O<0 Uni=/t = Uo =^ 


fl lb + fl 2 0)a c + fl 2 0b c 


O<0 (in 1 o i = K = fl U/i =^ 


(3,0, l)p 


M = 0, /i > 


(3,2,l)p 


M = 0, /in i = 0, u? > 0, K 4 0, Ko < 


M = 0, u n i = 0, uo > 0, K = 


(3,4, l)p 

V 7 7 ) r 


M = 0, Un 1 2 3 = 0, u 4 > 0, K 3 > 


Fig. 31 


fl, 1, Ob + f 1, 0, 0)o c + fl, 0, 0)r c 


O < 0, Un = 0, Ui ^ 


fl, 3, 0)p + f 1, 0, 0)q c + f 1, 0, 0)r c 


o < 0, Un i ? = 0, Us 7^ 


(3,3,0)p 


M = 0, Un 1 2 = # = 0, Uqifi > 0, K s > 


Fig. 32 


f3 2 1)» 


M = Un i = Uo > K ^ Kr, > 


f3 4 Do 


M = Uni9q = if = Uzl>0 Kt < 


Fig. 33 


f3 3 21 o 


M = uni9 = i^ = uiKi < 


Fie 34 


fl —lb+fl 0b c +fl 0b c 


<" tin < 


fl 2 -lb+fl 0b c +fl 0b c 
V- 1 -, s -)y ' v- 1 -, w , w /y t v x , w , u j' 


T? < /7n i = /7o < K ^ 


(3,0, -Do 

\^7 ^7 ^ J F 


M = 0, /in < 


Fig. 35 


(3,4, i)p 

V 7 7 J 1 


M = 0, Un 1 2 s = 0, u 4 < 


Fig. 36 


(3,4,l)p 


M = 0, /i ,l,2,3 = 0, /i 4 > 0, K ^0, i^s < 


Fig. 37 


(3,1, 0)p 


M = 0, /i = 0, Hi ^ 


(3,3,0)p 


M = 0, /i ,i, 2 = 0, /i 3 if ^0, K 3 >0 


Fig. 38 


(3,3,0)p 


M = 0, /i ,i, 2 = ^ = 0, /i 3 ifi>0, if 3 <0 


Fig. 39 


(3,3,0)p 


M = 0, /i ,i,2 = 0, iU 3 K ^0,K 3 <0 


Fig. 40 


(3,2, -l)p 


M = 0, /i ,i = 0, /i 2 < 
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Figure 1 





Figure 2 





Figure 3 
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w 







Figure 5 



Figure 6 



Figure 7 



Figure 8 




Figure 9 





Figure 10 




Figure 14 





Figure 11 




Figure 15 




Figure 16 



Figure 17 



Figure 18 




Figure 19 
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Figure 29 




Figure 30 




Figure 31 





Figure 33 




Figure 34 






Figure 36 



Figure 37 





Figure 39 



Figure 40 



Table 5 (continued) 
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In [HI] (see pages 481-484), the phase portraits appeared as they were obtained from 
calculations and not listed according to their geometry. To draw attention to the geometry 
we list them here for each possible value of N^(S) according to their topological complexity. 
In Table 3 we first place the number N&(S) of real singularities of the real foliation on P 2 (IR), 
followed by the maximum number max(n seci ) of sectors of singularities. Although these 
numbers could be read on the value of O(S), we place them in separate columns as they 
are important invariants for the geometry at infinity of the systems. We complete the table 
going through all phase portraits and listing O(S) which by itself determines uniquely 27 of 
the 40 phase portraits. To distinguish the remaining 13 phase portraits we use the invariant 
^Isect = i^hsect^ ^hslct) whose values we place in the last column, thus completing the 
classification. 

B. As in the proof of part A we use the results in ^H] subject to the modifications in 
Remark 17. II Since some letters appear both here and in ^H] but not always with the same 
meaning, we shall use the convention to apply "tilde" to letters which are used to denote 
comitants in |lfij . 

The proof of part B proceeds in 3 steps: 

I) In this step we replace the conditions in JE] subject to the modifications in Remark 
17.11 with conditions involving newly defined comitants and invariants as we shall indicate 
below. 

II) In this part we simplify the conditions obtained in step I) in order to obtain the 
corresponding conditions in the last column of Table 4. 

III) We prove that these last conditions are affinely invariant. 

Proof of step I. First of all we shall prove that the comitants used in P2J (see Appendix) 
can be replaced respectively by the comitants used here as follows: 

fi =>• /i ; H =>• hi, G =>- fj, 2 ; F =^ // 3 ; V => // 4 ; L =>- C 2 ; M M; 



fj^T]; 6^k; N => K; S x => K x \ A => L; A + 4N^R; 
A + N N; a k x ; S 2 => K 2 ; S 3 K 3 ; S 4 k 2 ; 



(7.2) 



Indeed, firstly the following relations among the comitants (|7.2j) hold: 



/i = £, m = 2H, H2 = G, H3 = F, H4 = V, C 2 = L, M = 8M, 
v = fj, k = Q46, K = 4N, Kt = S l7 L = 8A, R = 8(A + AN). 



(7.3) 



Therefore we only have to compare the conditions involving the comitants 



A, K U «2, K- 



K 3 



(7.4) 
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and show the corresponding equivalence with the conditions involving the comitants 

A + N, a, St, S 2 , S 3 (7.5) 

in [THj, respectively. 

We point out that all comitants ()7.5|) are only used for the systems (Sm) and (S^)- 
So, in what follows we shall examine each one of this cases. 

We first consider the systems of the form (Sin). 

In this case we have four singularities on the equator (i.e. rj = 0, M^O). The phase 
portraits in the vicinity of infinity of these systems are given by one of the Figures 8-29 
both here and in [TJi|- One can observe, that all comitants (|7.4|) (respectively, ([7.5)1 ) are 
used for systems (Sin) only in the case when k = (respectively, 6 = 0). In this case for 
systems (Sm) the condition k = — 64/i 2 = yields h = and we obtain the systems 

x = k + cx + dy + gx 2 , y = I + ex + fy + (g — l)xy, (7.6) 

for which L = 8gx 2 and 

« 1 = -32tZ, a = ~(5g 2 -2g+l); N = (g - l)(g + l)x 2 , A + N = X -g(g + l)x 2 . 

Clearly, the condition K\ = is equivalent to a = 0. We now compare the signs of iV and 
A + N. As in Table 4 the comitant iV appears only in two cases (i.e. Figures 16 and 26) 
and in these cases the condition L < (i.e. g < 0) is used, from the expressions of iV and 
A + N above we obtain sign (N) = sign (A + N). 

We observe from Table 4 that the comitant K 2 is applied for systems (Sm) only when 
k = K% = 0, L ^ 0. Since Ki = implies d = the systems ()7.6|1 become 

x = k + cx + dy + gx 2 , y = I + ex + fy + (g — l)xy, (7.7) 

and we calculate K 2 = 48(g 2 - g + 2)(c 2 - Agk)x 2 , S 2 = 2g 2 (c 2 - Agk)x 2 . Hence, K 2 has 
a well determined sign and since for every g we have g 2 — g + 2 > 0, from L ^ we obtain 
s\gn(K 2 ) = sign (S 2 ). 

We note that the invariant K 2 (a) is here used only to distinguish Figures 8 and 17 in the 
case when systems (Sm) belong to the class £33 in Table 2. Since for this class the conditions 
k = L = Ki = hold for systems (Sm), we obtain respectively h = g = c 2 + d 2 = 0. So, 
the systems (Sm) become 

x = k, y = I + ex + fy — xy, (7.8) 
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for which k 2 = —k, S 4 = — 2k and, hence, sign (k 2 ) = sign (S 4 ). 

It remains to consider systems of the form (Syy). For the Figures 30-40 which can occur 
for this class of systems, only the comitants S 2 and S3 of ()7.5|) were used in [IBj . Hence we 
only have to examine the conditions given in terms of comitants K 2 and K 3 from (|7.4j) . 

We observe that the comitant is used to distinguish Figures 30 and 32 when we 
also have K 7^ 0. In this case the systems (Siy) belong to the class E17 in Table 2 with 
conditions /io = [i\ = 0. For systems (Siv) we have //q = —8h 3 . Hence /i = and the 
systems (S/vO become 

i = k + cx + dy + 2gx 2 , y = I + ex + fy — x 2 + 2gxy, (7.9) 

for which K = 2g 2 x 2 , \L\ = 8dg 3 x. As K 7^ 0, the condition = implies d = and we 
obtain the systems 

x = k + cx + dy + 2gx 2 , y = I + ex + fy — x 2 + 2gxy, (7-10) 

for which we have: K 2 = 24g 2 (c 2 — 8gk)x 2 , S 2 = ^g 2 {c 2 — 8gk)x 2 . Thus, in the case 
under consideration the comitant K 2 has a well determined sign and sign (K 2 ) = sign (S 2 ). 

We examine now the comitant K3 which is applied for systems (SjvO only in the cases 
when As > 3, i.e. /io,i,2 = 0. So, we shall consider the systems (|7.9|) for which /i = and 
we examine two subcases: K 7^ and K = 0. 

If K 7^ then g 7^ and for the systems ()7.9)1 the condition fix — gives d = 0. 
Moreover we may assume e = / = via a translation. So, we obtain the systems 

x = k + cx + 2gx 2 , y = I — x 2 + 2gxy, (7-11) 

for which fi 2 = 8g 3 kx 2 and as g 7^ the condition fi 2 = yields k = 0. Then for the 
systems (|7.11|) we obtain K 3 = —12g 2 lx 6 , S 3 = — \2g 2 lx % . Hence K 3 has a well determined 
sign and sign (K 3 ) — sign (S3). 

Assume now K = 0, i.e. g = and for the systems (j7.9|) we obtain ^ = 0, \i 2 = d 2 x 2 . 
Thus, the condition /i 2 = yields d = and we obtain the following systems 

x = k + cx, y = I + ex + fy — x 2 , (7-12) 

for which K 3 = 3/ (2c - f)x 6 = S 3 . m 

Proof of step II. We show below how some of the conditions in ^Hj can be substituted 
by simpler ones in Table 4. To do this we shall prove the following five lemmas. 
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Lemma 7.1. Let £ be the conjunction of the all the conditions: r) = jl = H = 6 = o = Q 
and MGA 7^ 0. Let € be the conjunction of the following conditions: 77 = //q = A*i = k> = 
Ki — and M\iiL 7^ 0. VKe /iaf e t/ie following equivalences: 



Figure 8 : 


£, G ^ 0, I > 0, 


s 2 < 




£ 5 


^2 > 0, 


L > 0, 


A 2 <0 


Figure 10 


<£, G < 0, I > 0, 


S 2 > 0, JV < 




C 5 


^2 < 0, 


L > 0, 


AT < 0; 


Figure 17 


£, G ^ 0, i < 0, 


(S 2 <0) V (G>0, S 2 >0) 




£ 5 


1^2 > 0, 


L < 0; 




Figure 19 


€, G + 0, i > 0, 


(5 2 = 0) V(G>0, S 2 >0) 




C, 


fi 2 > 0, L > 0, 


A 2 >0; 


Figure 27 


£, G < 0, A > 0, 


S 2 > 0, N > 




C, 


A*2 < 0, 


L > 0, 


if > 0; 


Figure 29 


£, G < 0, i < 0, 


S 2 > 




e, 


/i 2 < 0, 


L < 0. 





Proof: According to ()7.3|) the conditions £ and £ are equivalent. We are in the class of 
the systems (Sin) f° r which we must apply the conditions on the right, i.e. // = \i x — 0, 
fi 2 7^ 0, and k = K\ = 0, L 7^ 0. For the systems (Sni) we have k = —64h 2 , K\ = —32d 
and hence conditions k = K\ = yield h = d = 0. Then 

lM> = Hi = 0, M2 = <7[/ 2 <? + c/(<? - 1) + fcfo - lf]x 2 ^ 

and since g 7^ we may assume c = via a translation. Hence we get the systems 

x = k + gx 2 , y = I + ex + fy + (g — i)xy, (7-13) 

for which 

A*o,i = 0, H2 = g[fg + Kg - l) 2 ]x 2 G ^ 0, L = gx 2 = 8A ^ 0, 

if = 2g{g - l)x 2 = AN, A 2 = -192#% 2 - g + 2)x 2 , S 2 = -8g 3 k. 

We observe, that sign (K 2 ) = sign (S 2 ) because the discriminant of the quadratic polynomial 
g 2 — g + 2 is negative. We shall consider two cases: L < and L > 0. 

Case L < 0. If /x 2 < (then G < 0) from ()7.14j) it follows that S 2 > and hence we 
obtain the conditions indicates on the left in the lemma, which correspond to Figure 29. 
Thus the conditions L < and /i 2 < lead to Figure 29. 

Assume [i 2 > (then G > 0). If either K 2 > (then S 2 > 0) or A" 2 < (then S 2 < 0) 
we obtain the conditions on the left for Figure 17. Taking into account that for /i 2 7^ 
from (|7.14jl it follows that the condition S 2 < implies \i 2 > (then G > 0) we conclude, 
that the conditions L < and /i 2 > lead to Figure 17. 

Case L > 0. Suppose firstly /i 2 < 0. Then G < and from ()7.14|) we have S 2 > and 
N 7^ (i.e. A 7^ 0). Hence we obtain the conditions for Figure 10 (on the left in the 
lemma) if K < and for Figure 27 if K > 0. 
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Assume now fi 2 > (then G > 0). From (|7.14j) we obtain S 2 < (then < 0) which 
yields /i 2 > 0. Hence we conclude, that the conditions L > 0, /i 2 > 0, K 2 > lead to the 
Figure 19, whereas the conditions L > 0, fi 2 > 0, K 2 < lead to the Figure 8. j 

Lemma 7.2. Le£ Ci fre £/ie conjunction of the following conditions: fj = fl = H = G = 
F = 9 = b = and MVA 7^ 0. Lei £i be the conjunction of the following conditions: 
7] = fiQ = fii = fi 2 = fi 3 = k = Ki = and M/i^L 7^ 0. We have the following equivalences: 



Figure 8 : 
Figure 17 

Figure 18 

Figure 24 
Figure 28 



C u V^0,A^Q, N = Q, S 2 <0 
<t u V ^ 0, N ^ 0, A < 

Cx, ^ o, (jv = o, s 2 = o) 

V(A> ^ 0, A > 0, i + 4A> > 0) 
V(A> = 0, V > 0, S 2 > 0) 

Ci, # = 0, 0, V < 
Ci, FiV ^ 0, i > 0, A + 4N < 



Ci, // 4 > 0, L > 0, K 2 < 0; 
£i, // 4 > 0, L < 0; 

£ 1( /i 4 > 0, L > 0, 

(i? > 0, K ^ 0)V 

(*r 2 > o, k = o) 

Ci, /i 4 < 0, L ^ 0; 

Ci, /i 4 > 0, L > 0, R < 0. 



Proof: We are in the class of systems (Sin) for which we must set the conditions /io = /ii = 
^2 = /^3 = 0, /! 4 7^ 0, and k = = 0, L = 8A ^ 0. It was shown before (see pagel3*7j) that 
for the systems (Sni) the conditions k = n\ = yield h = d = 0. Then L = gx 2 7^ and 
K = 2g(g — l)x 2 and we shall construct two canonical forms corresponding to the cases 
K ^ and K = 0. 

Assume firstly 7^ 0. Then g — 1 ^ and we may assume e = / = due to a 
translation. Therefore considering the conditions h — d — e — f — 0, for the systems (S///) 
calculations yield: /i = yUi = 0, /i 2 = gA:(g — l) 2 and by g(g — 1) 7^ the condition fi 2 = 
yields = 0. This implies {13 = —clg(g — l)x 3 , = lx 3 [lg 2 x + c 2 (g — l)y]. Hence, the 
conditions /x 3 = and /i 4 7^ yield c = and we get the systems 



x 



gx 



y = i + (g- i)xy, 



for which 



^0,1,2,3 = 0, //4 = V = V, X 



8A 7^ 0, iT 2 = = 5 2 , 



K = 2#( 5 - l)x 2 = AN ^ 0, i2 = 8c/(2c/ - l)x 2 = 8(A + AN). 



(7.15) 



(7.16) 



Suppose now that the condition K = 2g(g — l)x 2 = holds. Since L = gx 2 7^ this 
yields g = 1 and we may assume c = via a translation. Then we obtain /i 2 = / 2 x 2 = 
which implies / = and we get the systems 



x 



k + x 2 , y = I + ex, 



(7.17) 
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for which 

^0,1,2,3 = 0, ha = {I 2 + ke 2 )x 4 = V ^ 0, L = 8x 2 = 8A, 

K = = N, R = 8x 2 = 8(A + AN), K 2 = -384 kx 2 = A8S 2 . ''"'^ 

We shall consider two cases: /i 4 < and ^ 4 > 0. 

Case fi4 < 0. Then V < and from ()7.16|) and (j7.18|) we have the conditions N = 
and S2 > 0. Hence the conditions /i4 < and L ^ lead to the conditions in the lemma 
corresponding to Figure 24. 

Case /i4 > 0. In this case V > and we shall examine two subcases: L < and L > 0. 

Subcase L < 0. Then A < 0. From (I7TTT)|) and (f7~THj) we conclude that N 7^ and we 
obtain the conditions corresponding to Figure 17. Hence we conclude that for ^4 > and 
L < we get Figure 17. 

Subcase L > 0. Hence A > 0. 

If i? < (then i + AN < 0) from (f77T7^ and (T7TT%D we obtain iV 7^ and hence we 
get the conditions for Figure 28. 

b) Assume now R > 0. If if 7^ (then iV 7^ 0) we obtain one sequence of conditions 
for Figure 18, and namely: iV 7^ 0, A > and A + AN > 0. 

Suppose if = (i.e. iV = 0). If in addition if 2 < (then S 2 < 0) then we obtain 
the conditions for Figure 8. From ()7.16|) and ()7.18|) we obtain that the condition if 2 < 
implies N = 0. Then we conclude, that for fi > 0, L > and K 2 < we obtain the 
conditions for Figure 8. 

Assuming K 2 > (then 5*2 > 0) and taking into account that we are in the case 
/i4 > 0, we get two of the series of conditions for Figure 18, which can be combined into 
the following series: /i 4 > 0, if = 0, L > 0, K 2 > . I 

Lemma 7.3. Let £ 2 be the conjunction of all the conditions: M = fi = H = and LG 7^ 0. 
Let £2 be the conjunction of the following conditions: M = yU = /ii = and C 2 [i 2 7^ 0. We 
have the following equivalences: 

Figure 30: <t 2 , G^0, {N^0, S 2 < 0) V (A> = 0) & £ 2 , /i 2 >0, (if 7^0, K 2 < 0) V (if = 0); 
Figured: £ 2 ,GN 7^0, (G>0, S 2 >0) V (S 2 = 0) <J=> £2, /x 2 > 0, if 7^ 0, if 2 > 0; 
Fz#we 40 : £ 2 , G < 0, iV 7^ 0, S 2 > <£> £ 2 , /x 2 < 0. 

Proof: We are in the class of systems {Sp/) for which we must set the conditions /iq = fii = 0, 
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fi2 7^ 0. We have /i = — h 3 = which implies h = and then \i\ = dg 3 x and A = 2gx 2 . 
We shall consider two subcases: A 7^ and A = 0. 

Assume firstly A 7^ 0. Then g 7^ and the condition fi\ = yields d = 0. We can 
assume g = 1 and e = / = due to the rescaling x—>x/g,y^y/g 2 and a translation. 
Then we get the systems 

x = k + cx + x 2 , y = I — x 2 + xy, (7-19) 

for which 

l = 0, jj, 2 = kx 2 = G^0, A = 2x 2 = AN, K 2 = 48(c 2 - 4A;)x 2 = 24S 2 . (7.20) 

Admit now A = 0. Hence g = and we can assume e = due to a translation. Then 
we obtain the systems 

x = k + cx + dy, y = I + fy — x 2 , (7-21) 

for which 

= 0, /i 2 = dV = G^0, A = = N, L 2 = = S 2 . (7.22) 

Case ji 2 < 0. From ()7.20|) and ()7.22|) it follows that the condition [i 2 < implies A 7^ and 
S2 > 0. Hence we obtain the conditions for Figure 40 and we conclude that the condition 
fi 2 < immediately leads to the conditions for Figure 40. 

Case fx 2 > ( i.e. G > 0). Assume that the condition A 7^ holds (then A 7^ 0). If 
A2 < we have S2 < and then we obtain the conditions for Figure 30. If either A2 > 
or K 2 = via G > in both cases we get Figure 32. 

Suppose A = (i.e. N = 0). In this case we obtain the conditions G 7^ 0, N = which 
lead to Figure 30. Note that from (17201) and fl7~2"2"J) it follows that the condition A = 
implies fi 2 > 0. I 

Lemma 7.4. Le£ £3 be the conjunction of the following conditions: M = £l = H = G = 
N = and LF 7^ 0. Let £3 6e t/ie conjunction of the following conditions: M = /i = /ii = 
fi 2 = A = and C2/U3 7^ 0. Il^e have the following equivalences: 



Figure 31 : 



& £ 3 , /i 3 A! > 0, A 3 > 0; 



£ 3 , F ^ 0, (S 3 = 0) 
v(f£l > 0, S 3 > 0) 

Figure 33 : £ 3 , F5i < 0, S 3 < £3, /^Ax < 0; 

Figure 38 : £3, ASi > 0, S 3 < <£> £3, /^Ai > 0, A 3 < 0. 
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Proof: We are in the class of systems (Syy) for which we must set the conditions /xo = f^i = 
/x 2 = = K, /i 3 7^ 0. We have /xo = — Z? 3 = hence h = and then K = 2gx 2 . The 
condition 7^ = yields g = and this leads to the systems (j7.21j) for which the condition 
d 2 x 2 = yields d = 0. Hence we obtain the systems 



/'2 



for which 



#1 = 



i = fc + cx, y = I + fy — x 2 , 

0, /x 3 = - c 2 fd 2 x 3 = F ^ 0, AT = 
-cx 3 = ^, K 3 = 6f(2c-f)x 6 = S 3 . 



(7.23) 



(7.24) 



We note that \i 3 K\ = c 3 fx 6 7^ and hence sign (fi 3 Ki) = sign (c/) = sign (-FSi). 

Case /X3-/Y1 < 0. From (|7.24|) we obtain S% < and hence we conclude that the condition 
fi^Ki < leads to the conditions for Figure 33. 

Case H3K1 > 0. For K 3 < (then S3 < 0) we obtain the conditions for Figure 38. If 
either K 3 > or K 3 = we observe that in both cases we get the conditions for Figure 31. 
From ()7.24|) it follows that the condition K 3 = implies [i 3 K\ > 0. Therefore we conclude 
that the conditions ^ 3 Ki > and K 3 > lead to the conditions for Figure 31. j 

Lemma 7.5. Let £4 be the conjunction of the following conditions: M — p, — H — G — 
F = and LV 7^ 0. Let £4 be the conjunction of the following conditions: M = /xo = /xi = 
A*2 = ^3 = and C 2 ^a 7^ 0. We have the following equivalences: 



Figure 30 

Figure 32 
Figure 35 
Figure 36 



£ 4 , V ^ 0, (N ^ 0, S 3 > 0) 
V(xV = S 1 = S 3 = 0)V 

(iv = 0, 5i ^ 0, y > 0) 

£ 4 , V" ^ 0, xV = 5j = 0, S 3 ^ <£> 
£ 4 , V" < 0, N = 0, Si 7^ <£> 
£ 4 , V 7^ 0, N ^ 0, S 3 < 



^ £ 4 , A*4 > 0, K 3 > 0; 



£ 4 , > 0, K 3 < 0, If = 0; 
£ 4 , A*4 < 0; 

£ 4 , /i 4 > 0, < 0, K ^ 0. 



Proof: We are in the class of systems (S^y) for which we must set the conditions /xo = /xi = 
^2 = ^3 = 0, /X4 7^ 0. We have /xo = — /i 3 = which implies /i = and then /xi = dg 3 x and 
X = 2gx 2 . We shall consider two subcases: K 7^ and = 0. 

If if 7^ then the condition /xi = leads to the systems (|7.19|) for which /x 2 = kx 2 . 
Hence the condition /x 2 = yields k = and we calculate: /x 3 = —clx 3 and /x 4 = — l(c 2 x — 
Ix — c 2 y)x 3 . Hence the conditions /x 3 = and /x 4 7^ yield c = 0, I 7^ and we obtain the 
systems 

x = x 2 , y = l — x 2 + xy, (7-25) 
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for which 

00,1,2,3 = 0, /i 4 = l 2 x A = V ^ 0, K = X -x 2 = AN, K 3 = -6/x 6 = S 3 ^ 0. (7.26) 

Admit now that K = 0. This leads to the systems (|7.23|) for which the condition 
[A3 = —c 2 fd 2 x 3 = yields cf = 0. Then we get the systems 

x = k + cx, y = I + fy — x 2 , (7.27) 



with cf = and 



00,1,2,3 = 0, ii 4 = (k 2 - c 2 l)x 4 = V^0, K = = N, 
K x = -cx 3 = S u K 3 = -6f 2 x 6 = S 3 , K.Ks = 0. 



(7.28) 



Case yu 4 < (i.e. V < 0). From ()7.26|) and ()7.28|) we obtain that the condition fj, 4 < 
implies = and Si ^ 0. Hence for /14 < we obtain the conditions for Figure 35. 

Case fi^ > 0. Then N > and we shall consider 3 subcases: K 3 < 0, K 3 > and K% = 0. 

Subcase K 3 < 0. If K ^ then iV 7^ and we have the conditions for Figure 36. 
Suppose K = 0, i.e. N = 0. Then by K 3 7^ from ()7.28|) we have S± = 0. Therefore we 
conclude that conditions K 3 < and K = lead to the Figure 32. 

Subcase K 3 > 0. Then S 3 > and from ([7^6]) and l|T3Sjl we conclude that iC/0, 
i.e. N 0. Hence we obtain one series of the conditions for Figure 30. 

Subcase K 3 = 0. Then S 3 = and according to (17^61 and flQHD we have K = 0. 
This leads to the systems (j7.27J) for which the condition K 3 = yields / = 0. Then we 
have either K\ 7^ (i.e. S\ 7^ 0) or K\ = (i.e. S± = 0). Since the conditions V > and 
S3 = hold, both cases lead to the conditions for Figure 30. 

Lemma 17.51 is proved and this completes the proof of the step II. I 

Proof of step III. We draw the attention to the fact that all the constructed polynomials 
which were used in Theorems 15 . 1 1 and 17.11 are GL-comitants. But in fact we are interested 
in the action of the affine group ^4^(2,^) on these systems. We shall prove the following 
lemma. 

Lemma 7.6. The polynomials which are used in Theorems 15.11 or \7.1\ have the properties 
indicated in the Table 6. In the last column are indicated the algebraic sets on which the 
GL-comitants on the left are CT-comitants. The Table 6 shows us that all conditions 
included in the statements of Theorems \5 . 1\ or \7.1\ are affinely invariant. 
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Table 6 



Case 


GL-comitants 


Degree in 


Weight 


Algebraic subset 
7(*) 


a 


x and |/ 


1 


77(a), iio(a), n(a) 


4 





2 


7(0) 


2 


C 2 (a,x,y) 


1 


3 


-1 


7(0) 


3 


K(a,x,y) 


2 


2 





7(0) 


4 


L(a,x,y) 


2 


2 





7(0) 


5 


M(a,x,y) 


2 


2 





7(0) 


6 


N(a,x,y) 


2 


2 





7(0) 


7 


R(a,x,y) 


2 


2 





7(0) 


8 




3 





1 


7(77, k) 


9 


Ac 2 (a) 


2 








7(?7, AC, L, Ifi) 


10 


K 2 (a,x,y) 


4 


2 





V(r], /i , /i h ac, aci) 


11 


K 3 (a,x : y) 


4 


6 


-2 


7(M, ^0,^1,^2) 


12 


Ki(a,x,y) 


2 


3 


-1 


7(if) 


13 




4 


1 


1 


7(//o) 


14 


/i 2 (a,x,y) 


4 


2 





7(/i ,/ii) 


15 


fj, 3 (a,x,y) 


4 


3 


-1 


7(// ,/Ui,A*2) 


16 


(j,±{a,x,y) 


4 


4 


-2 


7(/x ,Ati,/x 2 ,/i 3 ) 



Proof: I. Cases 1-7. The polynomials r/(a), At(a), /x (a), K(a,x,y), L(a,x,y), M(a,x,y), 
N(a, x, y) and i?(a, x, y) are T-comitants, because these GL-comitants were constructed 
only by using the coefficients of the polynomials p 2 (x,y) and q 2 (x,y). 

II. Cases 8-11. a) We consider the GL-invariant /ti(a) which according to Table 4 
was used only in the class of systems (Sin). It was shown before (see page ESJ) that for 
ac — the systems (Sin) can be brought by an affine transformation to the systems (j7.6J) 
for which Ki = —32d. On the other hand for any system in the orbit under the translation 
group action of a system (j7.(-jj) corresponding to a point a e IR 12 we obtain /ci (a) = —32 d 
Hence the value of /Cx does not depend of the vector defining the translations. Therefore 
we conclude that the polynomial aci is a CT-comitant modulo (rj, ac). 

b) We consider now the GL-invariant AC2(a). From Table 4 we observe that AC2(o) is 
only applied to distinguish the Figures 8 and 17 when for the systems (Sm) the conditions 
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k = L = K\ = hold. As it was shown before (see page I33|) for k = L = K\ = the 
systems (S//j) can be brought by an affine transformation to the systems (J7.8|) for which 
k 2 = —k. On the other hand for any system in the orbit under the translation group action 
of a system (|7.8jl corresponding to a point a G M 12 we obtain ^(a) = —k. Hence we 
conclude that the polynomial k 2 is a CT-comitant modulo {rj, k, L, K\). 

c) We examine now the GL-invariant K 2 (a) which was used in cases (Sin) and (Sjy). 
Assume firstly r\ = and M/ 0, i.e. we are in the class of the systems (Sin). We have 
shown before (see page [33J) that for k = K\ = the systems (Sin) can be brought by an 
affine transformation to the systems ()7.7|) for which K 2 = 48(g 2 — g+2)(c 2 — Agk)x 2 . Suppose 
now that the conditions M = and C 2 ^ hold, i.e. we are in the class of the systems 
(Sjy). ^ was shown before (see page ESI) that for fi = = the systems (Sw) can be 
brought by an affine transformation to the systems ()7.10|) for which K 2 = 24g 2 (c 2 — 8gk)x 2 . 

On the other hand for any system in the orbit under the translation group action 
of a system (J7.7|) (respectively, of a system (|7.1UJl ) corresponding to a point a 6 M} 2 
(respectively, a,i G M 12 ) we obtain K 2 (a,x,y) = 48(g 2 — g + 2)(c 2 — Agk)x 2 (respectively, 
K 2 (ax, x, y) = 24g 2 (c 2 — 8gk)x 2 ). Calculations yield that for the system ()7.7|) (respectively, 
for the system (|7.10Jl ) we have /i = \i\ — (respectively k = K\ — 0). Hence we conclude 
that the GL-comitant K 2 (a,x,y) is a CT-comitant modulo (rj, /^o, k, Ki). 

c?). We examine now the comitant K3 which is applied for systems (Siv) only in the 
cases when A s > 3, i.e. /i = \i\ = fi 2 = 0. It was shown before (see page EHl) that for 
Ho — A*i = A*2 = the systems (Sjv) can be brought by an affine transformation either to 
the systems f!7.11|) for K 7^ or to the systems (|7.12j) for K = 0. Calculations yield, that for 
any system in the orbit under the translation group action of a system (J7.11|) (respectively, 
of a system (|7.12jl ) corresponding to a point a e IR 12 (respectively, ai G IR 12 ) we obtain 
K 3 (a,x,y) = —12g 2 lx 6 (respectively, K 3 (a 1: x,y) = 3/(2c — f)x 6 ). Hence in both cases 
the values of K 3 do not depend of the vector defining the translations. Therefore the 
GL-comitant K 3 (a,x,y) is a GT-comitant modulo (M, fi , fii, fi 2 ). 

Ill) The cases 12-16. Let r G T(2,R) be the translation: x = x + a, y = y + (3 and 
consider a quadratic system (j3.1|) which corresponds to a point a G M 12 . It is sufficient to 
verify that the following relations occur, where I; = x/3 — ya: 



K x (r T ■ a, x, y) = K ± (a, x, y) - £K(a, x, y); 
H s (r T ■ a, x, y) = /i s (a, x, y) + ( 4 _ J 




s = 



1,2,3,4. 
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So, Lemma [7.61 is proved and this completes the proof of the Theorem 17.11 
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APPENDIX 



Let us consider the tensorial form of quadratic system: 

— = a? + o? a x a + a ] ap x a x p (j,a,f3 = 1,2). 

The following invariants and comitants, defined by polynomials of J,, Ri which are tensori- 
ally defined GL-comitants, were used in jTHj for the classification in the neighbourhood of 
infinity of quadratic differential systems: 

2fi = Ji, v = J 7 , 26 = J 5 , L = R 12 , 2M = 9R 3 + 6R$ - 8R 2 U , Si = R 5 , 



S2 = 2J x Rq + 2J\R 1 — 2J 2 Rq + J 2 R n + 8J 3 R 3 — 8J 3 R$ — AR 7 — R 8 , H = i? 13 , 

^5) 



S 3 = RUU2 - QJl - 8J 3 ) - i2i 2 (10Jii? 5 + 4i? lJ R 10 - 6R3R9) + IRsRio ~ 4^5 



S 4 = 4J 3 - J 2 , V = R\- R 2 R 5 , 2A = 2R 6 - 3R 3 , 2f) = J 4 + 20J 5 - 8J 6 
2N = R 3} 2G = 2Rl-2J 2 R 3 + AR 7 + R 8 , 2F = J 2 R 5 + AR 2 R 3 + AR.R^ 

where 

Ji — a a , -J2 — a p a q £ai3£ , J3 — a a a/3 , J 4 — a pr a qk a^ n a lm e a/3 e^s£ see 



T — n a n 13 n" 1 n S c c PQ c rs c kl 1 — n a n& n" 1 n S c VQ c rs j _ a J3 1 

j 5 — a^a^a^a^Eaps e e , j 6 — a pr .a aq a 5s ai 3l £ e , j 7 — a p a iq a a/3 c 
R\ = x a a p q al a e Pl e pq , R 2 = x a a p a 1 a e l3l , R 3 = x a x p a p [ a a 5 q(3 e lS e pq , R 4 = x <x x p a l a s a pS lS , 

Rg X CL a Qjpry£$fj,j Rq X Cl^pClygj Rj X (X^^(X ^ s (Xq r Ey§E ^ V E^E , 

R 8 = x a x (3 ala 5 fj a^ r a qs e- y ^€su£ PQ £ rs ', -R9 = x a a l3 Ep a , R w = x a x^a? a e 1 p, 
R u = x a a^ p , Ri 2 = x a x /3 x' y a s al3 es 1 , R13 = x a a p 3 al r a s qk a^ 1 ep 7 e SlJ ,£ pq £ rs £ kl , 



and 



e 11 — e 22 — En — e 22 — 0, e 12 — E\ 2 — —e 21 — —s 2 \ — 1. 
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